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Introduction.
In this investigation we take as our point of departure the following theorem. THEOREM 1. For each nonnegative integer n, there exists a quadruple of integers (xi,xa,X3,X4) suchthat
This theorem is a celebrated result. As a matter of fact, in his classical History of the Theory of Numbers [1, pp. 275-303] L. E. Dickson considered the result so important that he devoted an entire chapter to its discussion. Following Dickson we briefly here record that the theorem was conjectured by Bachet in 1621, was claimed to have been proved by Fermât, but was not actually proved until Lagrange did so in 1770. It should also be mentioned that Lagrange was greatly assisted by Euler, who derived an identity which was crucial in Lagrange's argument. In this note we prove the stronger result of Jacobi, which for each given positive integer n gives a count of the number of such representations of n. Since the count is expressed in terms of the sum-of-divisors function o, we need the following definition.
DEFINITION, (i) For each positive integer n, cr(n) denotes the sum of all positive divisors of n. (ii) For each nonnegative integer n, 7-4(71) denotes the cardinal number of the set {(xi, x2, x3, x4) G Z4 I n = x2 -f x\ + x\ + x2}.
(iii) Each positive integer n has a unique representation n = 2b^O(n), where b(n) is a nonnegative integer and 0(n) is odd.
We are now prepared to state our main result.
THEOREM 2. For each positive integer n, r4(2n -1) = 8a(2n -1), r4(2n) = 24<7(0(2n)). §2 is dedicated to the proof of Theorem 2. Our proof depends on the following three identities of partition theory. a) n(i-a;2n)(i+;c2n"i)2= e *n*.
These identities, and all that follow, are valid for each complex number x such that |x| < 1. (1) and (2) In the foregoing identity we let x -► x4 and multiply the resulting identity by x to get License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Here, we have used identities (1) and (2) to obtain the infinite-product representation of 2F(x). Hence, we differentiate the defining series representation of F(x) with respect to x, and multiply the resulting identity by x to get Equating coefficients of like powers of x in the foregoing identity we thus prove our theorem. REMARKS. Identities (1) and (2) are easy special cases of the Gauss-Jacobi triple-product identity, and accordingly must now be regarded as being part of the folklore. Identity (3) is not as familiar as the other two, but, as shown in [2] , it, too, is an elementary result. Finally, we should mention that identity (3) can also be deduced as an easy consequence of Jacobi's triangular-number identity.
